The prospects of measuring the leptonic angles and CP-odd phases at a neutrino factory are discussed in two scenarios: 1) three active neutrinos as indicated by the present ensemble of atmospheric plus solar data; 2) three active plus one sterile neutrino when the LSND signal is also taken into account. For the latter we develop one and two mass dominance approximations. The appearance of wrong sign muons in long baseline experiments and tau leptons in short baseline ones provides the best tests of CP-violation in scenarios 1) and 2), respectively. 1 donini@daniel.ft.uam.es 2 gavela@garuda.ft.uam.es 3 pilar.hernandez@cern.ch.
Introduction
The putative value of the masses and mixing angles of the leptonic sector are part of the fundamental problem usually dubbed "flavour puzzle". The comprehension of the origin of these parameters and the analogous ones in the quark sector, together with the overall understanding of the origin of masses attempted through Higgs searches, constitutes one of the most passionating research subjects today in particle physics. The precise determination of those parameters is a mandatory first step.
After many years of experimental quest, exciting neutrino data pointing towards neutrino oscillations, and thus neutrino masses and mixing angles, are starting to be available:
• The SuperKamiokande [1] data on atmospheric neutrinos are interpreted as oscillations of muon neutrinos into neutrinos that are not ν e s. Roughly speaking, the measured mixing angle is close to maximal, sin 2 2θ > 0.8, and ∆m 2 is in the range 2 to 6 × 10 −3 eV 2 , all at 90% confidence level.
• The solar neutrino deficit is interpreted either as MSW (matter enhanced) oscillations [2] or as vacuum oscillations [3] that deplete the original ν e s, presumably in favour of ν µ s or alternatively into sterile neutrinos. The corresponding squared mass differences (10 −5 to 10 −4 eV 2 or some 10 −10 eV 2 ) are significantly below the range deduced from atmospheric observations.
• The LSND signal [4] could indicate, if confirmed, ν e s oscillating into ν µ s (andν e s intoν µ s) with ∆m 2 ∼ 0.3 − 1eV 2 and 10 −3 < sin 2 2θ < 1 mixing angle.
The atmospheric plus solar data can be easily accommodated in a three family mixing scenario, with two distinct mass differences. LEP data restricts the number of active neutrino species to three. Thus, when the LSND signal is also taken into account, its associated new mass difference requires the consideration of a supplementary sterile neutrino [5] . In either case, the physical parameters present in the neutrino Yukawa sector can be parametrized "a la CKM", as in the quark sector, with the addition of extra phases if the neutrinos are Majorana particles.
Oscillation experiments are sensitive to mass differences, mixing angles and Dirac phases, and not to Majorana phases. After further confirmation of the present data, a future experimental neutrino program should aim at the precise determination of these parameters. A neutrino factory from muon storage rings [6] would provide very intense, pure and flavour-rich neutrino beams, well suited for precision studies and even the discovery of leptonic CP violation, since the two polarities of the beam are available. From a µ − beam, the following transitions can be explored: 
The "wrong sign" channels of µ + , τ + and e − appearance, for which there would be no beam-induced background at the neutrino factory, are the good news with respect to other type of neutrino beams.
In this work, we consider convenient parametrizations of the physical mixing angles and CP phases in the cases of three and four neutrino species, and study their experimental signals at the neutrino factory.
For the sake of illustration, we shall consider as a "reference set-up" the neutrino beams resulting from the decay of n µ = 2 × 10 20 µ + s and/or µ − s in a straight section of an E µ = 10 − 50 GeV muon accumulator ring. Muon energies of 40 − 50 GeV are at present under discussion [8] as a convenient goal, as they allow good background rejection [9] and do not preclude the exploration of neutrino signals at lower energies. This is because the number of neutrinos in a given energy bin does not depend on the parent muon energy, while the total number of oscillated and interacted neutrinos increases with E µ [6] .
For just three active neutrino species, where the dominant signals peak at "atmospheric" distances, we consider a long baseline (LBL) experiment located some 732 km downstream, roughly the distance from CERN to Gran Sasso or from Fermilab to the Soudan Lab. For this scenario we first update the study of CP-odd observables performed in [7] . Higher intensity fluxes are also considered for CP-odd signals. We further discuss the scaling laws that relate the sensitivities at different energies and distances.
In the case of three active plus one sterile neutrino, most of the parameter space can be explored in experiments at short baseline distances (SBL) of O(1-10 km).
The paper is organized as follows. In section 2 we update the analysis of the three family scenario and derive the scaling laws for the CP-odd observables. Section 3 deals with the four species scenario. One and two mass scale dominance schemes are derived, and the sensitivity to angles and CP-odd phases, relevant in this scheme, are explored. We conclude in section 4. 
Update of three-family analysis
for the mixing angles and phase. In the approximation ∆m 2 12 = 0, one physical angle and one phase should become unphysical. This is cleanly achieved in this parametrization, where the rotation matrix, U 12 , associated with the two degenerate eigenstates, is located to the right of eq. (2) . In this way, the angle θ 12 drops out of the neutrino mass matrix when the solar mass difference is neglected 5 and the relevant parameters for the atmospheric oscillation are reduced to the smaller set (θ 23 , ∆m 2 23 and θ 13 ). From now on we separate the CP-even terms from the CP-odd ones in the transition probabilities in the following way,
For atmospheric distances, the CP-even components of the transition probabilities are accurately given by
provided the solar mass difference is much smaller than the atmospheric one. Generically all flavour transitions occur with the same sinusoidal dependence on ∆m 2 23 L/E ν . Notice that for θ 13 = 0 the probability P (ν µ → ν τ ) reduces to the two-family (2-3) mixing expression, while the other probabilities vanish.
An analysis of the sensitivity of the neutrino factory to the transitions above was already done in [7] . After that work, detailed background estimations have been performed [9] . The overall conclusion is that the neutrino factory can reach much higher precision in the determination of the parameters involved in the atmospheric oscillation than any other planned facility. For instance, while all other planned experiments will reach at most sensitivities of sin 2 (θ 13 ) > 10 −2 , much lower values are attainable at the neutrino factory, down to sin 2 (θ 13 ) > 10 −4 . This is important if the value of this angle turns out to be as small as suggested by present data, which set the best fit value at sin 2 (θ 13 ) = 2 × 10 −2 [10] .
CP violation
The CP-odd terms in eq. (3) vanish when ∆m 2 12 L/E ν effects are neglected, as they should, because the CP-phase of the mixing matrix can then be rotated away. The first non-trivial order gives, to leading order in the solar mass difference,
As found in [7] , any hope of observability requires that nature chooses ∆m [11] and [12] . Previous theoretical work can be found also in [13] .
We first summarize the results for the CP-odd asymmetry [14] obtained in [7] , and update the analysis for different E µ and higher intensities of the muon beam.
Consider the CP-asymmetry
which, in vacuum, would be a CP-odd observable. Given the present experimental constraints, the largest asymmetry is expected in the (eµ)-channel. The voyage through our CP-uneven planet induces a non-zero A CP eµ even if CP is conserved, since ν e andν e are differently affected by the ambient electrons [13] . In a neutrino factory A CP eµ would be measured by first extracting P (ν µ → ν e ) from the produced (wrong-sign) µ − s in a beam from µ + decay and P (ν e →ν µ ) from the charge conjugate beam and process. Notice that even if the fluxes are very well known, this requires a good knowledge of the cross section ratio σ(
, which may be gathered in a short baseline experiment. To obtain information on the genuinely CP-odd phase, the matter effects in the oscillation probabilities must also be known with sufficient precision.
A central question on the observability of CP-violation is that of statistics. In practice, for our reference set-up, there would be too few events to exploit the explicit E ν dependence of the CP-odd effect. To construct a realistic CP-odd observable consider the neutrino-energy integrated quantity:
where the sign of the decaying muons is indicated by a subindex,
are the measured number of wrong-sign muons, and
are the expected number ofν e (ν e ) charged current interactions in the absence of oscillations. In order to quantify the significance of the signal, we compare the value of the integrated asymmetry with its error, in which we include the statistical error and a conservative background estimate at the level of 10 −5 .
The measurement ofĀ CP eµ (δ) at the neutrino factory was considered in [7] with matter effects taken into account. It was concluded that, for 2×10 20 useful muons, if the neutrino mass differences are those indicated by the ensemble of solar and atmospheric observations and the physics is that of three standard families, there was little hope to observe CP-violation with the beams and detectors under discussion. Nevertheless, it has been recently pointed out [8] that it is technically feasible to rise the muon flux intensity by about one order of magnitude with respect to our "reference set-up". If the solar LMA solution is confirmed in the coming years, such upgrading may allow to unravel CP-violation in the neutrino sector, would the CP-odd phase, δ, be sizable.
The asymmetry in eq. (7) does not vanish when the CP-phase does due to matter effects. In order to illustrate the true sensitivity to the CP-odd phase, we consider the subtracted asymmetry Ā CP eµ (π/2) −Ā CP eµ (0) , i.e. the difference between the asymmetry at the maximum value of the CP-phase, δ = π/2, and that at δ = 0. Of course, if the subtracted term is large, performing this theoretical subtraction in practice would require a very precise knowledge of matter effects and also of the remaining oscillation parameters. 
For 2 × 10
21 useful muons, the number of "standard deviations" is seen to exceed a comfortable ∼ 5 at a large range of distances, with a peak towards 3000 km.
Let us discuss the relative size of the matter induced asymmetry versus the true CP signal (i.e. the terms in the asymmetry proportional to sin δ). For θ 13 = 13
• (which is the present upper bound from Chooz [15] ) and at moderate energies, E µ = 10, 20 GeV, its contribution is 3 − 4 times larger than the true CP-signal, which is around 5% − 10%, and thus it is necessary to know the subtracted term with a precision better than 20% in order to extract any information on δ. At higher energy, E µ = 50 GeV, the situation gets worse: the matter induced asymmetry turns out to be much larger than the true CP-signal, which is of the order of a few per cent. It does not seem realistic to expect to know the error in the (by then hypothetically measured) leptonic parameters with sufficient precision to measure the true CP signal in this case. On the other hand, analyzing the energy dependence of the signal may be feasible at the larger statistics available at this high energy, which might allow a cleaner separation of matter effects from CP violating ones. This possibility will be studied in the future. It is important to realize, however, that the relative size of the true CP signal and the total asymmetry depends very much on the value of the angle θ 13 in vacuum 6 . As θ 13 is decreased, not only the term proportional to sin δ in the asymmetry increases 7 [11] , but also the matter induced asymmetry decreases. As an example, for E µ = 20 GeV and θ 13 = 5
• , the matter induced asymmetry is of the same order as the true CPsignal and becomes five times smaller at θ 13 = 1
• . At this value, the true CP asymmetry becomes as large as 50%. The subtraction of the small matter induced asymmetry in this situation should be very easy. One should keep in mind, that although the present best fit value for θ 13 is 8
• , a much smaller value would also be in perfect agreement with atmospheric and solar data.
Up to here we have considered the experimental constraints resulting from the ensemble of the solar data. The CP-violation effects are much bigger for the larger mass differences that become possible if the results of some solar neutrino experiment are disregarded. This is because the CP asymmetry grows linearly with the solar mass difference. As an example, increasing ∆m 2 12 from 10 −4 eV 2 to 8 × 10 −4 eV 2 , with the other parameters fixed as in the left plot of Fig. 1 , results in a very promising signal 6 A more detailed discussion of the dependence on θ 13 and matter effects will be presented elsewhere [16] . 7 Notice however, that the ratio of the asymmetry to its statistical error does not change, so 2 ×10 21 useful muons would still be needed. over noise ratio even in the "conservative" option of 2 × 10 20 useful muons. This is depicted in Fig. 2 .
In ref. [7] the T-odd asymmetry at the neutrino factory was as well briefly discussed. As it requires the measurement of the electron charge, which seems experimentally out of reach at present, we refrain from its further study in this paper.
Matter effects and scaling laws for CP-observables
It is interesting to understand how the sensitivities to mixing angles and CP-odd effects scale with LBL distances and beam energies. We concentrate here on CP-odd observables, since the CP-even ones were discussed in [7] .
Consider the vacuum CP-odd observable defined in eq. (7). Neglecting the detection background and other systematic errors, the signal over its statistical error, depicted in Fig. 1 , scales as
where we have used that the number of charged currents scales as
Hence, the location of the maximum is at ∆m 2 23 L/E ν = 2π whereas the height scales with the square root of the energy. In matter, the situation is somewhat more involved. First, the splitting between mass eigenstates in vacuum must be replaced by the splitting of the mass eigenstates in matter, thus affecting the location of the maximum in the signal-to-noise ratio. The second and most important difference is that the effective mixing angles in matter depend on the energy, thus modifying the scaling with the energy of the maximum height. In the regime in which the matter-induced mass splitting, A = 2E ν √ 2G F n e (where n e is the number density of electrons in the earth) is larger than all mass differences (∆m ) it is easy to show that only the effective angle θ 13 changes significantly with the energy. More specifically, for the signal-to-noise ratio the angular difference between vacuum and matter relies on the effective cos(θ 13 ), which has a 1/ √ E ν functional dependence on energy. This factor cancels the √ E ν dependence of the signal-to-noise ratio in vacuum, and the height of the maximum does no longer scale with the energy. This behaviour can be seen in Fig. 1 where the signal-to-noise ratio is plotted both in vacuum and in matter at different values of the energy of the muon beam. Table 1 summarizes the scaling laws of height and location of the CP-violating signal-to-noise ratio maximum as a function of E ν and L, both in vacuum and in matter.
Four-Neutrino species
The LSND signal of ν µ → ν e oscillations would indicate a third distinct neutrino mass range, ∆m
It is then necessary to introduce a fourth light neutrino, a sterile one, in order to comply with the bounds on the number of neutrinos coupled to the Z 0 [18] .
A combined analysis of the results for solar, atmospheric and LSND experiments points [19] towards a four neutrino pattern in which there are two nearly degenerate Fig. 3 . Our analysis sticks to class-II, since class-I seems to be excluded by data [21] .
Whatever the mechanism responsible for the neutrino masses, given n light neutrino species, oscillation experiments are only sensitive to a unitary n × n mixing matrix "a la CKM": the effects of Majorana phases being suppressed by factors of m ν /E ν . In all generality, the parameter space of a four-species scenario would consist of six rotation angles and three complex phases if the neutrinos are Dirac fermions, while it spans six angles plus six phases if the neutrinos are Majorana fermions. Among the latter, three are pure Majorana phases and thus to be disregarded in what follows, reducing the analysis to the mentioned 4 × 4 "Dirac-type" system. We assign the mass eigenstates in the following way: 
Given the large hierarchy indicated by data, two approximations are useful:
1. ∆m The number of independent angles and phases is then reduced as reported in Tab. 2. The minimal scheme is sufficient to illustrate the sensitivity to the mixing angles at the neutrino factory. In this approximation, a physical CP-odd phase is still present although not sufficient to produce CP-violation effects in neutrino oscillations. The next-to-minimal scheme is necessary to address the question of CP-violation, as two non-zero mass differences are required for producing observable effects, alike to the standard three-family scenario. 
general case with three non-zero mass differences and the particular case (considered in the rest of the paper) with one or two mass differences set to zero; for Majorana neutrinos we consider only the general case.
A general rotation in a four dimensional space can be obtained by performing six different rotations U ij in the (i, j) plane, resulting in plenty of different possible parametrizations of the mixing matrix, disregarding phases. We choose the following convenient parametrization, given the hierarchy of mass differences of eq. (9):
As shown in Table 2 , if a given mass difference vanishes the number of physical angles and phases gets reduced by one. A convenient parametrization of the angles is that in which the rotation matrices corresponding to the most degenerate pairs of eigenstates are placed to the extreme right. If the eigenstates i and j are degenerate and the matrix U ij is located to the right in eq. (10), the angle θ ij becomes automatically unphysical in this parametrization. If a different ordering is taken no angle disappears from the oscillation probabilities. A redefinition of the rest of the parameters would then be necessary in order to illustrate the remaining reduced parameter space in a transparent way. Our parametrization corresponds thus to the "cleanest" choice, having settled at the extreme right the rotations corresponding to the most degenerate pairs.
In the "one mass dominance" scheme, the pairs (θ 12 , δ 1 ) and (θ 34 , δ 2 ) decouple automatically. In the "two mass dominance" scheme, only the pair (θ 12 , δ 1 ) does. Thus only the exact number of physical parameters, according to Table 2 , remains both in the minimal and next-to-minimal schemes. Notice that it is also important to distribute the phases so that they decouple, together with the angles, when they should.
Sensitivity reach of the neutrino factory for four neutrino species
We concentrate now on the sensitivity to the different angles describing the system when only the big LSND mass difference is taken into account, that is the "one mass scale" approximation, discussed at the beginning of this section. Four rotation angles (θ 13 , θ 14 , θ 23 and θ 24 ) and one complex phase (δ 3 ) remain. The two rotation angles that have become unphysical are already tested at solar (θ 12 in our parametrization) and atmospheric (θ 34 ) neutrino experiments. The remaining four can be studied at the neutrino factory with high precision, due to the rich flavour content of the neutrino beam. Notice that the number of flavour transitions that can be measured is enough to constraint all these angles. We will concentrate for illustration on the following channels:ν
The corresponding probability transitions acquire a simple form: 
Notice that the physical phase appears in P CP (ν e → ν τ ) and P CP (ν µ → ν τ ) in a pure cosine dependence. Actually, no CP-odd observable can be built out of the oscillation probabilities in this approximation in spite of the existence of a physical CP-odd phase in the mixing matrix.
The existing experimental data impose some constraints on the parameter space, but still leave free a large range of angles and phases. . We choose to be "conservative", or even "pessimistic", in order to illustrate the potential of the neutrino factory. In the numerical computations below we will make the assumption that all angles crossing the large LSND gap, θ 13 2 , calls for a SBL experiment rather than a LBL one. For illustration we consider in what follows an hypothetical 1 Ton detector located at 1 km distance from the neutrino source. We assume that the detector has τ tracking and µ and τ charge identification capabilities. We consider a muon beam of E µ = 20 GeV, resulting in N CC 10 7 charged leptons detected, for a beam intensity of 2 × 10 20 useful µ − per year. An efficiency of µ = 0.5, τ = 0.35 for µ and τ detection respectively, and a background contamination at the level of 10 −5 N CC events are included.
• θ 23 and θ 13 from µ channels
The µ + appearance channel is particularly sensitive to θ 23 . Fig. 4 shows the sensitivity reach in the s • θ 14 and θ 24 from τ channels
The τ − appearance channel is quite sensitive to both s In contrast, the τ + appearance channel looks less promising. This is illustrated in Fig. 7 (right): due to the relative negative sign between the two terms in the analytic expression for P (ν e → ν τ ), eq. (14), cancellations for particular values of the angles occur, resulting in a decreasing sensitivity in specific regions of the parameter space. channel as the relative sign between the two terms in P (ν µ → ν τ ), eq. (15), is positive.
The overall conclusion of this analysis is that, in the minimal scheme for fourneutrino families, a 1 Ton near detector with µ and τ charge identification is suitable to fully explore the CP-even part of the whole parameter space.
CP Violation with four light neutrino species
As in the standard three-family scenario, in order to reach observable CP-odd effects in oscillations it is necessary to have both physical CP-odd phases and at least two non-vanishing mass differences. The next-to minimal or "two mass scale dominance" scheme, described at the beginning of this section, is thus suitable.
As explained above, the parameter space consists of five angles and two CP-odd phases. Expanding the transition probabilities to leading order in ∆m in our parametrization), it follows that their CP-odd components are 8 :
P CP (ν e → ν µ ) = 8c 
Two distinct phases appear, δ 2 and δ 3 , in a typical sinusoidal dependence which is the trademark of CP-violation and ensures different transition rates for neutrinos and antineutrinos.
CP-odd effects are observable in "appearance" channels, while "disappearance" ones are only sensitive to the CP-even part. The latter is mandated by CPT [20] . In contrast with the three-neutrino case, the solar suppression (see [7] ) is now replaced by the a less severe atmospheric suppression. CP-violating effects are then expected to be one or two orders of magnitude larger that in the standard case, and independent of the solar parameters.
Staying in the "conservative" assumption of small θ 13 , θ 14 , θ 23 , θ 24 , we compare two democratic scenarios, in which all these angles are taken to be small and of the same order: The value chosen for ∆m 2 atm is the central one of the most recent SuperK analysis [1] . In the figures below, the exact formulae for the probabilities have been used.
The size of the CP-asymmetries is very different for µ channels and τ channels. For instance for Set 2, they turn out to be small in ν e − ν µ oscillations, ranging from the permil level to a few percent. In contrast, in ν µ −ν τ oscillations they attain much larger values of about 50% − 90%. This means that their hypotehtical measurement should be rather insensitive to systematic effects, and other conventional neutrino beams from pion and kaon decay could be appropiate for their study.
• µ appearance channels the distance. Matter effects, although negligible, have been included. For the scenario and distances discussed here, the scaling laws are analogous to those derived for three neutrino species in vacuum, eq. (8), that is
The maxima of the curves move towards larger distances when the energy of the muon beam is increased, or the assumed LSND mass difference is decreased. Moreover, increasing the energy enhances the significance of the effect at the maximum as expected. At E µ = 50 GeV, 6 standard deviation (sd) signals are attainable at around 100 km for the values in Set 1, and just 2.5 sd at 30 km for Set 2, levelling off at larger distances and finally diminishing when E ν /L approaches the atmospheric range.
• τ appearance channels
In Fig. 9 we show the signal over noise ratio in ν µ → ν τ versusν µ →ν τ oscillations as a function of the distance. The experimental asymmetry is obtained from eq. (7), with the obvious replacements e → µ and µ → τ . A larger enhancement takes place in this channel as compared to the ν e → ν µ one. over 60 sd for Set 1 and 33 sd for Set 2 are a priori attainable. These larger factors follow from the fact that the CP-even transition probability P CP (ν µ ν τ ) is smaller than P CP (ν e ν µ ), due to a stronger suppression in small mixing angles. Notice that the opposite happens in the 3-species case. Bilenky et al. [19] had previously concluded that the τ channel was best for CP-studies in the four species scenario. Their argument relied, though, on the fact that the parameter space involved in ν τ oscillations is experimentally less constrained than the ν µ one, a freedom we have not used here, staying within the more natural assumption that all the angles in the next-to-minimal scheme, except the atmospheric one, θ 34 , are small.
The results in the ν e → ν τ channels are almost identical to the ν e → ν µ ones, not deserving a separate discussion.
The phase dependence is shown in Fig. 10 , with the expected depletion of the signal for small CP phases. For small values of the phases, i.e. δ 1 = δ 2 = δ 3 = 15
• , the significance drops to the 1σ level.
Summary.
The ensemble of solar plus atmospheric neutrino data, when analysed in a threegeneration mixing scenario, points out the importance of long baseline experiments searching for ν e ↔ ν µ transitions. This is particularly relevant for determining θ 13 and CP-odd effects. A neutrino factory from muon storage beams has much higher precision and discovery potential than any other planned facility. The number of useful observables is sufficient to determine or very significantly constrain the parameters θ 23 and θ 13 and ∆m 2 23 of a standard three-generation mixing scheme. Experiments search-ing for the appearance of "wrong sign" muons are very sensitive to the parameter space. For instance, while all other planned experiments will reach at most sensitivities of sin 2 (θ 13 ) > 10 −2 , much lower values are attainable at the neutrino factory, sin 2 (θ 13 ) > 10 −4 . For CP-violation we have updated previous studies, based in "µ appearance" channels, which are the most promising ones, and derived the scaling laws with distance and energy of CP-odd observables. A fair chance to observe a significant signal of CP-violation requires that nature chooses ∆m 2 solar in the higher range allowed by the ensemble of solar experiments, ∆m 2 solar ∼ 10 −4 eV 2 and that the solar mixing is large 9 . In other words, it requires that the large mixing angle solution (LMA-MSW) of the solar deficit is confirmed by the solar experiments. Would that be the case, a neutrino factory with high intensity muon beams (∼ 10 21 muons decaying in the direction of the detector) could be precise enough to discover CP-violation in the lepton sector. Matter effects in the energy integrated CP-odd observables that we have considered get more easily disentagled from the truly CP-violating effects the smaller θ 13 is.
When the LSND signal is also taken into account, the reach of short base line experiments is extremely large. We have derived one and two mass scale dominance approximations, appropriate for CP-even and CP-odd observables, respectively. The plethora of channels for different flavours provided by the neutrino factory allows to cover the full mixing parameter space. CP violation may then be easily at reach, specially through "τ appearance" signals. In these channels the CP-asymmetries are so large that even neutrino beams from conventional pion and kaon decays may be sufficient for their detection.
